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1. Introduction 

Many quantum paradoxes appear through attributes which are not actually measured. 
One may discard all such counter-factuality by insisting that attributes can have value 
only when they are actually measured. A well-known example is Hardy's paradox as 
we discuss later in detail. However, Aharonov and his colleagues have long claimed 
that there is a consistent and experimentally verifiable way to apply the so called weak 
value to counter-factual reasoning in quantum mechanics. The cost is that we have to 
allow strange values outside the range of the eigenvalue spectrum of the observable for 
the weak values. The concept of weak value was originally proposed by Aharonov and 
his collaborators [H [21 [3l IH [5] in terms of the weak measurement combined with pre- 
selected and post-selected states. Recently, experiments have verified aspects of weak 
value theory both optically P El El IS [TDl [IB [El [13] and in the solid state qubits [H]. 
On the basis of the weak measurement, a formal theory of the weak value has also been 
developed [IHl HE] 0. However, we believe that the weak values have to be studied on 
its own right although its measurability is utmost important 
The weak value of an observable A at time t is defined by 

mmt)) 

where the states \'4'{t)) and (</>(t)| are the solutions of the Schrodinger equation with 
given initial and final state conditions, = \i) and = (/|. This time- 

symmetric approach to quantum mechanics has been emphasized in Ref. [T7j. Thus, 
the weak value shares the same spirit as the action principle in the sense that the both 
initial and final positions are fixed and can be written in terms of the Feynman path 
integral (also see Ref. [TH]). 

In this paper we develop a framework of weak value vectors where we fix a pre- 
selected state and consider a complete orthonormal set for post-selected states. We 
derive the two consistency conditions for the weak value vectors which enables us to 
interpret them as (complex) conditional probabilities for counter-factual processes in 
quantum mechanics. We shall explicitly give in what cases a weak value becomes strange. 
Two examples are for the demonstration; Hardy's paradox and the spin system. In the 
former the choice of the pre-selected sate is unique from the setting of the paradox and 
the appearance of the "negative probability" is due to the counter-factuality. In the 
latter we discuss the case of non- commutative operators to weakly observe. 

The organization of the present paper is as follows. In Sect. [2] we develop a 
formal aspect of weak values and give the two consistency conditions and a probabilistic 
interpretation of weak values. In Sect. [HI we point out that strange values result from 
negative weak values of projection operators, i.e., "negative probabilities". We also show 

X A compact review of the weak measurement can be seen in these references. 

§ This point of view is strengthened by the recent analysis that demonstrates a reconstruction of weak 
values without using the weak measurements [37] . There is also a generalization of weak measurement 
using a weak entanglement [13) . 
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the necessary and sufficient conditions for negative weak values of projection operators 
and give a formula for the most negative weak value. To demonstrate the analysis in 
Sect. [31 we examine Hardy's paradox in Sect. HI as an arch-typical case and the spin 
1/2 system in Sect. [5] to see the effect of non-commuting spin operators. Section [6] is 
devoted to summary. 



2. Consistency and Probabilistic Interpretation of Weak Values 

The weak values have been discussed mostly for commuting variables, e.g., optical path 
projection operators |m)(m| (m = 1,2,...A^). Here, the consistency comes from the 
completeness relation, 

^^(|m)(m|); = 1. (CONSISTENCY!) (2) 

m 

That is, all the possible intermediate states add up to unity in the weak values. The 
consistency condition of this kind has been discussed in the hterature, e.g., [151 1T9] - 
According to the Born rule, which has been verified by numerous experiments, the 
expectation value of an observable A is given by 



X 

= 5^Pr(x).(A);, (3) 

X 

provided that the set {{x\} does not contain an element such that {x\ip) = 0. Here 
the Pr(x) = K^/'lx)!^ is the probability measure to find the state \x) in the pre-selected 
state \ip), which is defined with respect to a fixed complete set \x) independent of the 
observable A itself, xi^)'^ '■= ^'(i^j,^^ is the weak value of A with \ip) and {x\ being 
the pre-selected and post-selected states, respectively. Comparing Eq. with the 
expression for the expectation value Ex[74] of A in the standard probability theory, 

Ex[A] =5^Pr(x)/i^(x), (4) 

X 

we see that the statistical average of the weak value becomes the expectation value in 
quantum mechanics and one may interpret the weak value as a complex random variable 

hA{x) = .(A); e C. (5) 

We emphasize that the probability measure Pr(x) = K^/^lx)!^ does not depend on the 
observable A. Aharonov and Botero |20l Eq. (2.12)] derived the formula for the average 

II The Bayesian-like equation has been pointed out in Ref. [35] . 
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of observables, which is close to our eq. (|3]), though the observable independence of the 
probability measure in our presentation seems new. 

Further if the operator A is a projection operator A = \a){a\, then the identity ([3]) 
becomes an analog of the Bayesian rule in probability theory. The weak value x{\a){a\)'^ 
can be interpreted as the conditional probability, which is in general complex, for the 
process: from the preselected state {ip) to the post selected state {x\ via the intermediate 
state \a). The concept of negative probability is not new, e.g., [211 122], |23] . The weak 
value defined by Eq. ([T]) is normally called the transition amplitude from the state {ip) 
to (01 via the intermediate state \a) for A = \a){a\, the absolute value squared of which 
is the probability for the process. But the three references quoted above seem to suggest 
that they might be interpreted as probabilities in the case that the process is counter- 
factual, i.e., the case that the intermediate state \a) is not projectively measured. The 
description of intermediate state \a) in the present work is counter-factual or virtual in 
the sense that the intermediate state would not be observed by projective measurements. 
Feynman's example is the counter-factual "probability" for an electron to have its spin 
up in the x-direction and also spin down in the 2r-direction |22j . 

This is very different from the so-called Aharonov-Bergmann-Lebowitz (ABL) 
formula [23] for the conditional probability, which is the modulus squared of the weak 
value, 

where Pr(j; i) := is the transitional probability from the state \i) to The ABL 

formula has a probabilistic interpretation only if the intermediate state is projectively 
measured. For the counter-factual intermediate state the weak value plays a role of 
probability rather than amplitude from our view point. We will return to this counter- 
factuality of the weak values in the subsequent sections. 

The stochastic theory tells us that the variance of the observable A is given by 

Var{A) = ^ |/iA(a;)pPr(2;) - [ ^ /^^(a;) Pr(x) 

X \ X , 

= l,^\{A-{^\A\^)f\^). (7) 

The last line comes from a straightforward calculation. The result coincides with the 
conventional "standard deviation squared" in quantum mechanics, which we claim is 
derived from the identification liAix) = x{A)'^. 
Equation ([3]) is further generalized to 

J2{x{A);r\{xm\{B)^ = (i^lABlij). (CONSISTENCY 2) (8) 

X 

The proof is similar to that given for Eq. ([3]). The formula ([8]) reduces to Eq. ([3]) for 
B = 1 and for A = B to the {iplA'^lijj) term of Eq. (JTj) . In particular, if A and B are 
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orthogonal projection operators, the right hand side of Eq. (|H]) becomes 5ab('^|^|'^); 
which gives an orthonormahty condition for the weak values . 

Let A = \a){a\ and B be two in general non-commuting projection operators. If we 
adopt the previous interpretation of weak values as a conditional complex probability, 
the left hand side of Eq. ([8]) implies that the right hand side {iplABlip) has a meaning of 
the joint probability for B and then A to occur if it is real, i.e., A and B are commutable 
in the sense of expectation value 0. Putting the other way, we confirm this by the 
identity, 

mB\^) = K^m'^^l^ = M^)\\{B);- (9) 

Steinberg [251 ES] addressed the issue of the tunneling traversal time from the view point 
of the weak measurement in which he proposed the joint and conditional probabilities 
for the counter-factual cases in quantum mechanics. We regard the relation of the 
joint and conditional probabilities as consistency conditions for a set of weak values in 
a framework where the weak value is promoted to a fundamental concept independent 
of the weak measurement model. 

It is interesting to point out that the quantity (ipKA — B)'^\iIj), which is an indicator 
of the difference of the two quantities A and B in the state lip), can be evaluated by the 
experimentally accessible weak values via the following formula: 

X 

With lip) being the pre-selected state, the probability to get a post-selected state \x) is 
Pr(x) = so that the left hand side can be expressed as 

J2P^i^)\hAix) - hBix)\\ (11) 

X 

which can be computed exploiting all the data exhausting all possible post-selected 
states. In terms of the weak measurements, a particular post-selection x shifts the 
center of the distribution of the pointer position by hA^x) when A is measured and by 
hsix) for B. The difference hA{x) — hs^x) varies depending on the post-selected state 
\x). The weighted sum of the square of the difference over the post-selected states gives 
the quantity (V'K^ — BYlip). Note that the probability measure defined independently 
of the observed quantities helps to give a symmetric expression for the two observables 
A and B. We would like to remark that the following simple fact. 

Fact 1. Fix the quantum state \ip) . The observables A and B are equivalent for the 
quantum state \ip) if and only if 

mA-Bf\^)=Q. (12) 



^ The authors thank Professor Ozawa for this comment who has formulated the state-dependent joint 
probabihty [35]. 



Strange Weak Values 



6 



Note that this condition imphes that 

^{{A-B))- = Q (13) 

for any post-selected states That is, two observables are equivalent if their weak 
value vectors are identical. This fact will be used to check whether the state is the 
correct one for an experimental setup in Sect. 14. 1[ 

A keen reader may notice that only the real part of the weak value is relevant in the 
Bayesian-like rule ([3]) so that there is an option that we interpret only the real part as 
a conditional probability. Then it would be interesting to consider the restricted cases 
where the weak values are real. This also demands the reality of the joint probability 
([9]), which implies the commutativity of the observables A and B relative to the pre- 
selected state l?/^), i.e., there is no Heisenberg- Robertson uncertainty AAAB > for 
the state lip), where AA and AB are the square root of the variances of A and B. A 
simple example is the case: A = ax,B = ay and \ip) = (|0) + \l))/\/2 which gives 
Aa^^Aay = \{ilj\az\'ip)\ = 0. Namely, there is no uncertainty bound for the and the 
cTy because they are commuting in the state Hereafter we will be mainly concerned 
with the real weak value unless otherwise stated. 



3. Condition for a Strange Weak Value 

When some of the weak values of the projection operators exceed unity, at least one of 
the other weak values, say Pr^ := f{\^){^\)f becomes negative. One might interpret 
the Pr^ as a "negative" conditional probability for the path \i) — t- \m) — t- |/). We 
can see the negative conditional probability is also responsible for the various "strange" 
weak values, e.g., the weak value of the 2;— component of the spin of a Dirac particle can 
be very large, say lOOh [1] El- Let the spectral decomposition of an observable A be 

N 

A = J2(^n\n){n\, (14) 

n=l 

where the eigenvalues a„ obey the order relation > a^-i > ••■ > cti and \n) is 
the eigenstate with the eigenvalue a„. We concentrate on the maximum and minimum 
states, |A^) and |1). The pre-selected state is assumed to be 

= a\N) + f3\l), a,(3eR (15) 

Choose the post-selected states |0) as 

|A^) + |l) 

to obtain the weak value of A as 



(16) 



^{A); = <^(|iV)(iV|); + ai ^(|1)(1|); = a^ + {a, - a^) <^(|1)(1|);. (17) 

Of course, this is not mathematically strange at all. It is strange only if one insists on the probabilistic 
interpretation of the weak values. 
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This can be larger than the maximum eigenvalue oat of A for negative i.e., for 

a/ fi < —1. Similarly, we can analyze the case that the weak value is smaller than the 
minimum eigenvalue. The point is that at least one of the weak values of the projection 
operators is negative to have a weak value outside the range of the spectrum. The 
converse also holds, i.e., if the weak values of all the projection operators are positive, 
the weak value of the observable A is not strange. 

In the weak measurement the post-selection biases the original probability 
distribution to push the mean value of the pointer position sometimes to a strange 
value outside the spectrum. There should be the optimal post-selection which shifts 
the pointer position most. We are going to find the condition for a weak value to be 
strange. From the argument stated above, we see that it is sufficient to consider one of 
the eigenvectors of the observable \n) and find the condition for the weak value of the 
projection operator \n){n\ to be negative. 

Let us consider the weak value of a projection operator |n)(n|, 

.(^):=,(|„,)(„|>J=<*^. (18) 

We are going to find the optimal post-selection to obtain the most negative weak value 
for a given pre-selected state and the projection operator \n){n\ to be weakly 
measured. Note that the probability Pr(0) := K^l"?/;)!^ to obtain |0) has to be finite 
for the weak value to be finite. Otherwise, the weak measurement would produce null 
results. The smaller the probability Pr{(f)) is, the more we need to repeat the weak 
measurements. We fix the value Pr(0) = = cos^,^ with ^ G (0,7r/2) 0. 

To simplify the argument we also assume that all the inner products are real so 
that we can visualize the state vectors in the multi-dimensional real vector space. In 
particular, the post-selected state {(j)) is lying on the cone defined by {(p\ip) = cos^. Let 
the angle between |n) and be 6n G (0,7r/2). Then the most negative weak value 
w{(j)) is given by a state 10) which is the intersection of the cone {(plip) = cosC, and the 
plane defined by the two vectors and \n). Then the weak value w{(j)) becomes 

_ {(f)\n){n\tlj) _ cos(g„ + cosg„ 

cos^ 

This can be negative if the angle between \n) and 6'^ + ^ is obtuse, i.e., 

e + e„>7r/2, (20) 

provided that the angles ^, 6'„ are acute, which can be assumed without loss of generality. 
Note that the above condition cannot be met if the angle ^ is too small, i.e., the 
probability Pr(0) = cos^ ^ is too close to unity. There is a trade-off between the labor 
and the fruit, i.e., the repetition of the weak measurements and the large negative weak 
value. 

* However, there is a proposal of rather sophisticated single-shot weak measurement, which is out of 
scope of the present work [ID] . 
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We turn to an interesting but more technical problem to find the most strange weak 
value of the observable A, 



En=lQn(0|n)(n| 
(01^) 



(21) 



under the constraints: ((/>|V') = cos^, {4>\(p) = 1- Introducing the corresponding Lagrange 
multipliers A and fi, and following the standard variation method, we obtain the equation 

for (n\(h) as 



N 



n=l 

The formal solution is 



cos^ 



X\i;)-fx\<P) = 0. 



2^a„|n) - X\ 



n=l 



COS^ 



where the multipliers A and fi are given by 

N r/ , 

{(j)\n){n\ilj) 



^sm^e 

N 
n=l 



COS^ 



{^\n){n\ip) 
cos^ 



(22) 



(23) 



(24) 



(25) 



The post-selection by the state fl23|l gives the most strange weak value. By projecting 
out this state by the base \n) we have a closed set of algebraic equations for (0|n): 

a„(0|n) sin^{ 



\n) 



N 



am{{(t)\m) - {i/j\m) cos ^) {(t>\m) 



m=l 



In) 



N 



am((0|m) cos^ - (?/'|m))(0|m) 



m=l 



{n = l...N). (26) 



For the particular case of single state |n), the previous result is reproduced by one of 
the solutions for (01 n) = cos (6' + 0- 

We are going to demonstrate the above statement in two explicit examples; Hardy's 
setting and the spin 1/2 system. In the first example, the weak values are real and the 
"negative probability" appears, while in the second spin system complex weak values 
appear and the spin x-component becomes large, say, lOOh. 



4. Hardy's Paradox 

Let us recall what Hardy's paradox is. 

Hardy's Paradox [27J. The two Mach-Zehnder interferometers for an electron and a 
positron are combined in such a way that one of the arms, say, Ig of the interferometer 
for the electron is crossed with one of the arms Ip for the positron. If the electron and 
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Figure 1. Hardy's setup: The Hardy paradox is explained in the main text. 



the positron meet at the crossing they are supposed to annihilate each other. The setting 
is illustrated in Fig. [II 

1) Both the electron and positron cannot be in the inner path 1^ and Ip at the same time 

since they would annihilate each other. Therefore, either electron or positron is in 
the outer path Oe or Op. 

2) Let the positron he in the path Op so that the the electron is not affected by the 

positron. The Mach-Zehnder interferometer works as usual; the intermediate state 
is Op{Ie + Oe) (a shorthand for |0p)|^^^^2^) which we use in this section for 
notational simplicity) and therefore the electron registers a click at detector Be, 
while the positron clicks either the port Bp or Dp. Similarly, for the electron in 
Oe, the intermediate state will be {Ip + Op)Oe and therefore the positron registers a 
click at detector Bp, while the electron clicks either Be or De. In either case, only 
possible cases are: BpBe, DpBe, BpDe, but DpDe is not. 

3) However, quantum mechanics tells us that DpDe clicks with the probability 1/12, 

which has also been verified by experiments. 

The hne of reasoning 2) is not a consequence of measurements but an inference 
by the counter-factual argument |28]. For example, if the positron is found in Op by 
measurement, the electron is definitely in (Je + Oe) ending up with Be, which can be 
demonstrated as an actual experiment. Another different experiment would be the one 
starting from the fact that the electron found in Oe- But one cannot infer anything 
about the non-measured quantity by combining the two different experiments of non- 
commuting observables Op{Ie + Oe) and {Ip + Op)Oe. The most obvious way to resolve 
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Hardy's paradox is to dismiss the counter-factual reasoning all together. 

However, Aharonov and his colleagues have long advocated the use of weak values 
which are experimentally accessible to provide experimental credence to the counter- 
factual arguments [29]. The weak value gives a consistent description of the quantum 
evolution of the intermediate states at the cost of strange values, i.e., the value outside 
the range of the spectrum of observable. Actually they have been recently demonstrated 
in the optical settings [121 [13]. It should be noted that the Hardy paradox has also been 
analyzed in the different contexts [30l [31l [32l |33l [311 EH] • We are going to closely examine 
the counter-factual step 2) by looking at the corresponding weak values. We will see 
what is missing in the argument of 2) and how the counter-factual argument works in 
terms of weak values. 



Pre-selected State of the Hardy Paradox 
In this section, we justify the standard initial quantum state, 

1^) = ^(IW) + We) + lOpOe)), (27) 

on the basis of the counter-factual arguments 2) in the original Hardy paradox and then 
show how to experimentally check whether the initial quantum state is the right hand 
side of Eq. ^FJ\ or not by evaluating the weak values. 
The pre-selected state is in general given by 

= r]\Iph) + x\IpOe) + y\Oph) + z\OpOe) (28) 

with the coefficients ri,x,y,z G C satisfying the normalization condition, |?7p -|- |xp + 
= 1. We are going to determine the coefficients by the following counter- factual 
arguments. Since the electron going through the path Oe does not affect the path of 
the positron, the projection operators P[Op{Ie + Oe)] and P[Op ® id.] are equivalent 
in the initial quantum state Here id. denotes the identity operator. Similarly, 

P[{Ip + Op)Oe] and P[id. ® Oe] are equivalent in \ip). Furthermore, since the electron 
and the positron simultaneously going through the paths Ip and le would annihilate 
each other, P[IpOe] and P[Ip id.] and P[0ple] and P[id. (g) h] are also equivalent for 
\ip). According to Fact[Tl the above counter-factual arguments demand 

{ij\{P[Op{h + Oe)] - P[Oe ® ^rf.]) V) 

= mP[Op{h + Oe)] - P[Op ® id.])\tfj) = (29) 

mP[{Ip + Op)Oe] - P[td. ® Oe]) V) 

= mP[{Ip + Op)Oe] - P[td. ® Oe])|V^) = (30) 
mP[IpOe]-P[Ip®ld.]y\^) 

= mp[ipOe] - p[ip®td.]m = (31) 
mp[Oph]-p[id.®h])^\ij) 

= mP[Oph] - P[td. ® h]m = (32) 
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From Eqs. (PT]) or (15^ . we obtain 77 = 0. From Eqs. ( 12^ and (150]) . we obtain x = y = z. 
Taking into account the normalization condition, we obtain the standard Hardy initial 
state ( 1271) . The second equations of Eqs. ( l29l) . ( l30l) . ( 1311) and ( l32l) also imply that the 
initial quantum state can be experimentally tested by the joint expectation value of the 
paths for the electron and the positron. 

Furthermore, we will show that this initial state can also be verified by the joint 
weak measurement, that is, the state can be constructed from a set of weak values. The 
inner product of the pre- and post-selected states are 









:= {DpB,\^P) 


CSpDe 


:= {BpDelij) 


^BpBe 





1 

2 
1 

2 
1 



X 



y + z) 



(jj + X — y — z) 
{rj — X + y — z) 



-{t] + X + y + z). 

We obtain the following table of weak values for the pre-selected state 
post-selected state |0): 

Weight 



(33) 

(34) 

(35) 

(36) 
and the 



^DpDe 


(^2 

SDpB^ 


^2 


A2 

SBpB^ 






BpDe 


BpBe 





y+z 





y+z 


(Dp Be 


CBpBc 








X+Z 


X + Z 


CSp-De 


C-Bp-Be 


X 


X 


X 


X 


"^COpDe 


KOpBe 


"^CBpDe 


2CSpSe 


y 


y 


y 


y 


KOpDe 

-y+z 


KOpBe 

-y-z 


KBpDe 

y-z 


2CSpSe 

y+z 


KOpDe 
Tj—X 


KOpBe 

r]+x 


KBpDe 
Tj—X 


KBpBe 

ri+x 


KOpDe 


KOpBe 


KBpDe 


2CSpSe 


—x+z 


X — Z 


— X—Z 


X+Z 


KOpDe 

V-y 


KOpBe 

V-y 


v+y 


KSpB^ 

v+y 






KBpDe 


2CSpSe 



(37) 



Oph 

Op ® id. 
Ip ® id. 
id. ® Oe 
id. ® le 

where the "Weight" is the probability of transition from the pre-selected state {ip) to 
the post-selected state Here, the column of the post-selected state |0) shows the 
weak values for each observable, e.g. Op{Ie + Oe). Interestingly our table (137|) is similar 
to the one in Feynman's paper [22lj. From the same counter-factual arguments as before 
together with Eq. ( lT3l) . we see that 



InPositron{DpDe) 
InEletron{DpDe) 
OutPositron{DpDe 
OutEletron{DpDe) 
Using the results of the above table in Eqs. (l38l) and (139|) yields 
1] — X = —X or T] — y = —y 



DpdAW;- DpDAip^^d.):; 

DpoAOphr^ - OpoAid. ® h)"; 

DpDAOv{Ie + Oe)r^ 
DpDA{Iv + Op)Oer^ 



0, (38) 

0, (39) 

DpD.(Op®2rf.); = o, (40) 

DpDA^d.®Oe):i = Q. (41) 



(42) 
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to obtain that the coefficient of \lple) niust be 77 = 0. Similarly from Eqs. f l4Up and f l4ip . 
we have 

-y + ^ = and -x + z = Q (43) 

to obtain the coefficients x = y = z = l/-\/3 by the normalization condition. 
We therefore conclude that 

Fact 2. The following conditions 

(i) InPositron{DpDe) = InElectron{DpDe) = 0, 
(a) OutPositron{DpDe) = OutElectron{DpDe) = 0, 

are satisfied if and only if the preselected state is Eq. [2^ . 

Note that we only need a particular post-selected state \DpDf.) to verify whether a 
prepared setup gives the standard Hardy's initial state fl27|) or not. 

It is interesting to point out that the relations between the weak values can be used 
to evaluate the weak values of the non-local operators like IpOe, OpI^, Op{Ie + Og), (/p + 
Op)Oe using those of the local operators Ip ® id., id. ® Ie,Op® id., id. ® Oe, respectively, 
provided that the pre-selected state is Eq. (17r|) . 

4-2. Weak values in the Hardy Paradox 

For a given pre-selected state lip) and a post-selected state (0| the weak value of an 
observable A is defined by 

m) ■ 

This can be considered as a vector with component index while the preselected state 
\ip) is fixed. This vector notation is convenient to find the condition for the strange 
weak values as we will see below. The pre-selected state in Hardy's paradox is 

V3 

as we have discussed in the previous subsection. The possible post-selected states are 

\DpD,), \DpBe), \BpDe), \BpBe). (46) 
If we choose a set of non-commuting projection operators: 

P[0p{0e + Ie)],P[{Op + Ip)0e],P[0ph + (47) 

then, the weak values for them are real and summarized in following table: 



Weight 


1/12 


1/12 


1/12 


3/4 






DpD, 


DpBe 


BpDe 


BpBe 


Average 







2 





2/3 


2/3 


{Ip + Op)0, 








2 


2/3 


2/3 


IpOe + Oph 


2 








2/3 


2/3 



(48) 
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where "Average" is defined as the sum of the weak value times "Weight" over the post- 
selected states. Note that all the components of the weak values of the non-commuting 
projection operators P[IpOe + OpJe], P[Op{Ie + Oe)], P[{Ip + Op)Of] are positive. The 
first two cases, Op{Ie + Oe) and {Ip + Op)Oe have played important roles in the previous 
counter-factual arguments. The non-commutativity is explicit as the non-orthogonality 
of the vectors, e.g., (1,0,0, 1/3) and (0, 1,0, 1/3). The weight is defined by the square 
of the inner product as 1/12,1/12,1/12 and 3/4. Furthermore, the average means 
the weighted average of the weak value for each row. It is interesting to point out 
that if Df. and Dp click the intermediate state should be definitely an entangled state 
IpOe + Ople- If one tries to include the path Opie + /pOg, the argument would become 
more counter-factual, because any local measurement would destroy this entangled state. 
This nonlocal state is one of the origin of Hardy's paradox parallel to the Einstein- 
Podolsky- Rosen (EPR) paradox [36], because the classical argument 2) excludes this 
possibility of entanglement. These arguments are counter-factual in the sense that 
the identity of the intermediate states cannot be revealed by projective measurements. 
However, the weak measurement can do the job. 

One might be curious about the strange value 2, e.g., for the projection operator 
Op{Ie + Oe) and the post-selected state BpDf, in Table (HSj) . This can be explained in a 
counter-factual way by looking at the projection operators orthogonal to Op(/e + Og). 
For example, take IpOe orthogonal to Op{Ie + Oe)- The table becomes 



Weight 


1/12 


1/12 


1/12 


3/4 






DpDe 


DpBe 


BpDe 


BpBe 


Average 


Op{Ie + Oe) 





2 





2/3 


2/3 


IpOe 


1 


-1 


1 


1/3 


1/3 


Sum 


1 


1 


1 


1 


1 



We immediately see that the weak value —1 for IpOe with DpBe partially cancels 2 for 
Op{Ie + Oe) to give 1 as the sum. Note that the other orthogonal projection operator 
to Op{Ie — Oe) gives the zero weak values supporting the counter factual argument 
2) of Hardy's paradox. Obviously, we can make the completely parallel argument for 
(Jp + Op)Oe with the post-selected state BpDe. 

It is interesting to look at the factual cases when we measure the intermediate 
states corresponding to the weak values in Table fj49|) . Suppose we locally measure the 
intermediate state of the positron to find Op implying the electron state is \Ie + Oe)/v/2, 
the probability of which is 2/3 according to the Born rule K^^^^^^^^IV')!^- Either 
positron detector Bp or Dp clicks with probability 1/2 and only Be of the electron 
detectors chcks. Thus, the probabilities are for DpDe and BpDe, while (1/2) x (2/3) = 
1/3 for DpBe and BpBe- Similarly, in the case when Ip is the positron intermediate 
state, the probabilities are (1/4) x (1/3) = 1/12 for all DpDe-, DpBe-, BpDe and BpBe- 
These factual results can be also reproduced by the ABL formula [21], i.e., the absolute 
value squared of the weak values multiplied by the weight of the post-selected state. 
In the case of Op for the positron, the ABL formula gives 0,2^ x (1/12) = 1/3,0 
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and (2/3)^ x (3/4) = 1/3 for DpDe, DpE^, BpD^ and BpE^, respectively. In the case 
of Ip, it reads 1^ x (1/12) = 1/12, (-1)^ x (1/12) = 1/12, 1^ x (1/12) = 1/12 and 
(1/3)2 X (3/4) = 1/12 for DpDe, DpBe, BpD^ and BpE^, respectively. Note that this 
coincidence is possible only for the factual and mutually orthogonal set of projection 
operators and does not work for the counter-factual cases. In the latter case we have to 
resort to fully quantum mechanical computations rather than the semi-classical counter- 
factual arguments. For the factual cases, that is, when we projectively measure the 
intermediate state |n), we can confirm the ABL formula for the partial probabilities by 
Eq. (ED. 

So far we have fixed the post-selected states as DpDe, DpBg, BpD^ and BpBf.. 
Here we consider a different choice of post-selected state |0) keeping the same pre- 
selected state = {\IpOe) + \0ple) + |OpOe))/v^ fl27|l . For the intermediate |/pOe), 
the most negative weak value will be given by a post-selected state which lies in 
the plane spanned by and \n) as we noted in Sect. [31 We parametrize it as 
10) := cos6\IpOe) + sin 6'-i^^^^^^^^^£^ by an angle 9. It can be shown by a simple 
calculation that the weak value w{(j)) = = cos(6'„ + ^)cos6'„/ cos,^ f lT9|) can 

be — oo for ^ = 7r/2 and therefore 9 = — 7r/4, since {4)\iIj) = cos^ = (sin 6* + cos6')/-\/3. 
On the other hand, the weak values for the orthogonal projection operators are 



Weight 


1/12 


1/12 


1/12 


3/4 







DpD, 


DpB, 


BpDe 


BpBe 


Average 


IpO, 


1 


-1 


1 


1/3 


1/3 


Oph 


1 


1 


-1 


1/3 


1/3 


OpO, 


-1 


1 


1 


1/3 


1/3 


Sum 


1 


1 


1 


1 


1 



(50) 



Let us check the consistency conditions 1 and 2 in the Table fl50l) . The last row indicates 
that the consistency condition 1 (|2]) is satisfied, since the sum of the weak values over 
the complete set of orthonormal projectors is unity for all the post-selected states. 
To confirm the consistency 2 ([8]) we see in the rightmost column that the weighted 
average of the weak values over the post-selected states for each intermediate state 
becomes the probability for the intermediate state to be actually observed by projective 
measurements. Let us look at the column of OpD^.. The apparent puzzle is that the 
"probabilities" for JpOg or OpI^ add up to 2 exceeding 1. The weak value resolution to 
it is that the "probability" of the remaining OpOe is —1 so that the total "probability" 
is 1 + 1 - 1 = 1! 

With this example we can see more clearly how the minus sign emerges in the 
table of the weak values. Suppose we have two non-orthogonal projection operators like 
IpOe + Oplf. and Op{Ie + Og). Assume that all the components of them are positive. 
Otherwise, we have done. Keep one of them as it is and find an orthogonal vector to it 
by the Schmidt orthogonalization of the other one. One may be easily convinced that 
the new one contains at least one negative component, unless the new one is lying along 
one of the axis. If the latter is the case we can go on picking up the third one and then 
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Schmidt diagonalization. If we end up with the configuration of the weak values which 
are all along the different axes, this is against our assumption of counter-factuality. That 
is, we could verify the weak value by a projective measurement. In Hardy's paradox, 
the counter-factuahty is unavoidable so that the negative weak value should appear for 
a set of orthogonal set of projection operators and post-selected states. 

Here we would like to re-emphasize the remark around Eq. (|6]) that the concept 
of weak value gives a physical basis of counter-factual arguments in Hardy's setting. 
The apparent paradox comes from the omission of the non-local possibility IpOe + Opie 
and the non-orthogonality of Op(/e + Oe) and (Jp + Op)Oe- Hopefully the weak value 
is helpful to resolve quantum paradoxes which come from counter-factual arguments in 
more general settings. 

5. Spin Case 

So far we have mainly studied the projection operators as observables, which are relevant 
in most of the optical experiments. In this section we study the non-commuting variables 
in the simple spin 1/2 case. In contrast to the preceding case, we will encounter complex 
weak values and a new consistency condition. 

We choose the Pauli operators crx,cry, and cr^ as the three non-commuting 
observables. Let us start with an illustrative example: the pre-selected state is given by 

= |0x) = :^(|0) + the post-selected states are {Oy\ = :^((0| + ^(1|), (ly| = 

4=((0| — z(l|). The table for the weak values is 



Weight 


1/2 


1/2 




Post — selection 


(0.1 


(1.1 


Average 




1 


1 


1 


ay 


1 


-1 







% 


—% 






Table ( 15 ip exhibits the fact that the operators and Oy are orthogonal with respect 
to the pre-selected state \^) = \0x), since {iplcr^aylip) = i{0x\(Jz\0x) = 0. From the 
discussion of Sect. |2l we see that the weak vectors of ax and ay are real and orthogonal 
to each other, while that of cr^ is complex. 

We can also compose the non-orthogonal positive weak value vectors, e.g., as 



Weight 


1/2 


1/2 




Post — selection 


(0.1 


(1.1 


Average 




1 


1 


1 


ax + ay 


2 





1 



(52) 



We can clearly see that if the non-orthogonal vectors of weak values are positive vectors, 
then the orthogonal operators with respect to the preselected states contain at least one 
negative weak value. 

We would like to see how strange weak values, which are outside the range of 
eigenvalues, show up in the spin 1/2 case for the more general pre-selected state 
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I?/') = a|0) + where a and (3 are assumed to be real to simplify the exposition. 
The post-selected states are |0) and We compute the weak values, 



Weight 


«2 




(Bloch vectors) 


Post — selection 


(0| 


(1| 


Average 






a/P 




ay 


—1(3 /a 


ia/ (3 







1 


-1 




Sum of squared 


1 


1 


1 



(53) 



where "Sum of squared" := {f{a.,)^f + (/(a,)^)^ + (/(a,)^)^ = 1. 

Of course, they are not orthogonal to each other. The weighted average gives the 
Bloch vector of the pre-selected state as shown in Table ( l53l) . The consistency with 
the multiplication rules, axCfy = iaz etc. can be checked, as well as the "Sum of squared" 
results. 

Let us see the weak value for a pair of orthogonal projection operators, P± : = 
(l±fT,)/2: 



Weight 






Post — selection 


(0| 


(1| 


P+ 
P_ 


l+li/a 
2 

1-/3/Q 

2 


l+a/li 
2 

2 


Sum 


1 


1 



(54) 



It is evident that at least one of the weak values is negative. For fi/a > 1 the weak 
value of P- with the post-selection (0| is negative. This also means the weak value of 
ax for the post-selection (0| is strange, i.e., more than unity and thus outside the range 
of the eigenvalue spectrum discussed in Sect. O 

The appearance of strange values can also be seen without explicitly calculating the 
weak values. Note that (/(o"x)^)^ + (/(cr?/)^)^ + ifi'^z)^)'^ = 1 in general for an arbitrary 
post-selected state (/|. This implies that o(cr^)^i(cr:r)^+o(cry)5j;i(crj^)^+o(o"2)J^i(cr2)^ = 1. 
By a suitable rotation, we will have o{<^x)^i{cx)^ = 1- We can see either oi^x)^ 
or i{ax)^ is strange, i.e., larger than 1. The ABL formula cam be confirmed using 
|(0|^)P|/(|0^)(0^|);|2 = (a + /3)74 = |(0|0^)|2|(0^|V^)|2. The intermediate states are 
orthogonal and therefore distinguishable so that they can be identified by a projective 
measurement, i.e., factual. 

6. Summary 

In this paper, we have developed a framework of weak value vectors and derived the 
two consistency conditions for them which enables us to interpret them as (complex) 
conditional probabilities for counter-factual processes in quantum paradoxes. We have 
shown that at least one of the components of the weak value vector becomes strange 
for counter-factual process. Two examples Hardy's paradox and the spin 1/2 system 
were demonstrated. In the former, the choice of the pre-selected state is unique from 
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the setting of the paradox and the appearance of the "negative probabihty" is due to 
the counter-factuahty. In the latter we have discussed the case of non-commutative 
operators to weakly observe. 

We would like to emphasize that the weak value should be studied on its own 
right and believe that this is just the right quantity to describe a sequence of counter- 
factual phenomena in quantum mechanics by virtue of the "probabilistic" interpretation 
explained in this paper. 
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